Improper Integrals

Liming Pang

Definition 1. If a function f is integrable on [a, t] for any ¢ > a, define the

improper integral
+o00
f(z)dx = lim / f(z

a t—+00

if the limit converges (which means the limit exists and is finite).

If a function f is integrable on [t,b] for any ¢ < b, define the improper

integral
b b
/ f(x)dx:tlim / f(x)dx
— 00 ——00 t

If both [ f(z)dzr and ffm f(x)dr exist, we define

if the limit converges.
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Figure 1: [**° f(2)dz and [ f(z)dz



Remark 2. In mathematics, the opposite of converge is called diverge, and
their corresponding adjective forms are convergent and divergent.

Example 3. Discuss for which real number p > 0 s fﬁoo xip convergent?

t
When p > 1: flt:%pdx:— !
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p—1zp—1
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When p = 1: flt —dr =limy_, e +dr=In| =Int, so
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15 divergent.

When 0 < p < 1: flt +dr = ;‘11_7: = tl:;I, s0:
+o0 1 400 tl_p -1
/ —dx :/ —— =+00
1 z 1 l1—p

1s divergent.

Example 4. Evaluate fj;o oz dx

0 1 0 T

/ 5 dr = lim tan"'z| =0— lim tan 't= —

oo 1+ t——o0 ; t——o0 2
“+o00 1 t

/ dr = lim tan"'z| = lim tan 't —0= T
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Example 5. Is f;oo sin x dxr convergent or divergent?

+o0 t 3
/ sinzdr = lim sinzdr = lim — cos
0

=1 —cost
t—-+o0 0 t——+o0

0
which is divergent.



Definition 6. If f is a function with x = b a vertical asymptote, and f is
integrable on [c, t] for any ¢ < ¢ < b, then define

/f(x)d:r;—lim tf(x)dx

t—=b~ J.

if the limit converges.

If f is a function with x = a a vertical asymptote, and f is integrable on
[t,c] for any a <t < ¢, then define

/acf(x) dr = lim /tcf(x) dx

if the limit converges.

If f is defined on [a, ¢) U (c, b] with 2 = ¢ a vertical asymptote, [* f(z) dx
and fcb f(x) dx both exist, then define

/abf(x)da::/acf(a:)dx—l—/cbf(:c)da:

If f is defined on (a,b), with x = a and x = b vertical asymptotes,
[ f(z) dz and fcb f(x) dx both exist for some ¢ € (a, b), then define

/abf(x)d:t:/acf(a:)dx—l—/cbf(as)da:
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Figure 2: fcb f(x)dz and [ f(z)dx
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Example 7. Discuss for which real number p > 0 s fol =

convergent?

1

= p%l(tp%l —1), so
t

1
1 1 1
—dr = lim ——(— —1) =400
g P t—ot p— 1 ¢r=1
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When p > 1: ftlripd:v:—

15 divergent

When p = 1: ftlz—lpd:p:f;%d:p:ln

1
= —Int, so

t

1
/ —dr=lim —Int = +00
0

X t—0t+

15 divergent.

1
When 0 < p < 1: ftl +dx = ”il:; = 1_1’5_1;7, 50:
t
oo 1—ti-r 1
/ —dxr = lim =
1 T t—ot 1—p 1—0p

18 convergent.
Example 8. Determine if fol Inx dx is convergent.

1
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/ Inhzdr=xne—z| =(-1)— (tlnt —¢t)=tlnt+¢t—1
¢

t
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/ Inzdz = lim Inzder = lim tlnt+¢t—1= lim tlnt — 1
0

t—0t J, t—0+ t—0t
We can use the L’Hospital’s Rule to determine the last limat:

: . Imt . (Imt)y !
lim tInt = lim — = lim = —
t—0+ t—ot t71 4ot (ET1) im0t —t72 4ot

So .
/ Inzdr=limtlnt—-1=0—-1= -1
0

t—0t+

We conclude this improper integral is convergent.
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Example 9. Evaluate f03 ﬁ dx if possible

Letu=xz—1:
31 21 01 |
/ dx:/ —du:/ —du+/ —du
o *—1 U qu 0 U

We know f;%du 15 divergent by Erample , so we conclude f03 ﬁ dx 1s di-
vergent.

Definition 10. f is a function defined on (a,+00) with z = a a vertical
asymptote, and [ f(z) dz, fc+°° f(x)dx both exist for some ¢ € (a,+00),

then define
—+o00

+Oof(a:)dw:/cf(x)dx—|— f(z)dx

a

f is a function defined on (—oo,b) with z = b a vertical asymptote, and
IS f(2)da, fcb f(x) dx both exist for some ¢ € (—o0,b), then define

/;f(x)dx:/;f(x)der/cbf(@dx

Example 11. By Fxample 3 and Example 9, we conclude
+oo 1
/ — dx
o

Theorem 12. (Comparison Theorem) f and g are functions with 0 < f(x) <
9(x) on [a, +o0).

s divergent for any p > 0.

(i). If f;oog(x) dx converges, then f;oo f(x)dx converges, and we have
0< [ fa)de < [ g(x)dw

(i). If f;oo f(z)dz is divergent, then f;oog(x) dx is divergent.

Similar result holds also for the other types of improper integrals.

Example 13. Determine if the improper integral f0+oo e dzx is convergent.



oo 2 1 2 oo 2
/ e " dx :/ e~ dx+/ e " dx
0 0 1

and fol e~ dx exists since e~
integrable on [0, 1].
For f;roo e~ dx, we can use the Comparison Theorem: observe on [1,+00)

<22 s00<e ™ <e®, and

is a continuous function on [0,1], hence

“+o00 t
/ e *dr= lim e fdr= lim —e”
1

t—+00 1 t—+00

—+00

2
. € % dr converges. We thus

+oco . . .
So |,/ e *dx converges, which implies
+oo 2
conclude |~ e~ dx converges.



